Lect. 6: Wave Equations and Plane-Wave Solutions
(Cheng 7.6,7.7) =

Maxwell’'s Equations
v Simplification
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Lect. 6: Wave Equations and Plane-Wave Solutions
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Vx(VxE):—,ug
Vx(VxE)=V(V-E)-V’E
V?E =x V°E, +y VZEy +7 V?E, (Vector Laplacian)

O°E, O°E, O°E,
= + +

V°E
“oooxt oyt oz’

(Laplacian)

FromV-D=p, V-E=0

> V’E O'E EM Wave Equation!
V°E = ue poe ave Equation!
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Lect. 6: Wave Equations and Plane-Wave Solutions

B 2
VPE(X, Y, z,t) = yga E

= (X,Y,2,1)

-An example of wave equation solutions: E :QEo cos[a)(t —«/,ugz)]

- Verification:

- How does the solution look?
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E = xE, cos[a)(t —\/Ez)]

Each plane with same E
* X ‘%
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E-field on a x-y plane is uniform

= Plane waves
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E = xE, cos[a)(t —\/ﬁz)]

Animations available in can course homepage
(Visualization of EM waves)
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Lect. 6: Wave Equations and Plane-Wave Solutions

0°E
ot?

Solve the wave equation more mathematically: V?E = p¢

Assume time dependence of e (Time harmonic solutions)

E(x,y,z,t)=E(x,y,z)-e}* (Separation of variables)
VZE(X,Y,2) e + usw’E(X,y,z) e/ =0
V2E(X,Y,2)+ uew’E(X,Y,2) =0

Let wus =k VZE(X,y,2)+k2E(X,y,2) =0

K = e = _ k : wave number[m‘l]
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Lect. 6: Wave Equations and Plane-Wave Solutions

VZE(X,Y,2)+ k*E(x,y,2) =0

Assume E(x, ,2) = xE (z) for simplicity

d 2
dz? E(Z)+ kZE(Z) =0| - simple differential equation!

Solutions?

E(z)= Eje ™ +E;ek

E(z,t)= (Efe ™ +Ee™)e = Earej(wt—kz) N Eo_ej(a)t+kz)

How does it look?
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Lect. 6: Wave Equations and Plane-Wave Solutions

Re{EO+ el ) L E- ej(“’”"z)} = E; cos(wt —kz) + E, cos(mt + kz)

How does cos(wt-kz) change as tincreases?  =» Propagation in + z direcition

How does cos(wt+kz) change as t increases? =» Propagation in - zdirecition

|

ﬁ
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How fast does the wave move? Egei(wt—kZ)

Each plane having same E
* x %

< V—Q— 1
y ko Jue

(Phase velocity)
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How about H-field?

For E = xE_e ™" = Corresponding H-field?

oB oH _ __
F VxE=-—, VxE=-py——r0 = —
rom V x o U ot VxE (jo)uH
X y 7
vxE=| L 9 9| -y(-jk)Ee e
OX oy 0z
Ee e 0 0

H_ = VL E e—jkzejwt — 7 iEOe—jkzejwt
0
U \ 4

H-field has the same wave characteristics (frequency, wave number,
propagation direction) but different vector direction and magnitude

& W.-Y. Choi
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Lect. 6: Wave Equations and Plane-Wave Solutions

E = xE e el H =y |SE,e el
7

L= \/% =7 (Impedance, about 337Q in vacuum)

P=ExH  Poynting vector: Propagation of power density
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Which has large n ?
(E-field: Blue)
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Lect. 6: Wave Equations and Plane-Wave Solutions

E = xE e el
0
v How do we express waves propagating in other directions?
- In y-direction?
- In x-direction?

Any problem?

- In y-z direction?

W.-Y. Choi
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v Wave propagating in any direction: Use vector k
X

—jkx AT IKyY - K,z — J(kyeX+ky y+k,2)
K e JKx e y .e JX, :e X y z

—jk-R
/ =€
/ With R = xx+yy + 22,

, k =xk, + yk, + zK,

K : wave vector
_k - Direction of propagation

K. 2
A
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