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Review of classical mechanics

I. Energy & Force

II. Oscillations

III. Waves
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Momentum & Kinetic Energy

• Momentum

– Expressed as Ԧ𝑝 = 𝑚 Ԧ𝑣

• Kinetic energy

– Energy associated with the motion

– Expressed as 𝐾. 𝐸. =
1

2
𝑚𝑣2 =

𝑝2

2𝑚
, where 𝑝2 = Ԧ𝑝 ∙ Ԧ𝑝

• Potential energy

– Energy due to position

– Denoted by V(r) in quantum mechanics, in unit of Joules

• Total energy

– Sum of kinetic energy and potential energy, “Hamiltonian”

𝐻 =
𝑝2

2𝑚
+ 𝑉(𝑟)
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Force

• Force & momentum

– Newton’s 2nd law: 𝐹 = 𝑚 Ԧ𝑎 = 𝑚
𝑑𝑣

𝑑𝑡
=

𝑑 Ԧ𝑝

𝑑𝑡

• Force & potential energy, V(r)

– ∆𝑉 = 𝐹𝑝𝑢𝑠ℎ𝑥∆𝑥

𝐹𝑝𝑢𝑠ℎ𝑥 =
∆𝑉

∆𝑥

𝐹𝑝𝑢𝑠ℎ𝑥 =
𝑑𝑉

𝑑𝑥

– Force due to potential energy difference is downhill

𝐹 = −
𝑑𝑉

𝑑𝑥

– Generalized relation

𝐹 = −𝛻𝑉

= −[
𝜕𝑉

𝜕𝑥
𝑖 +

𝜕𝑉

𝜕𝑦
𝑗 +

𝜕𝑉

𝜕𝑧
𝑘]
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Mass on Spring: Oscillation

• Simple harmonic oscillator

– Restoring force

:𝐹 = −𝐾𝑦, K is spring constant

– 𝐹 = 𝑀𝑎 = 𝑀
𝑑2𝑦

𝑑𝑡2

–
𝑑2𝑦

𝑑𝑡2
= −

𝐾

𝑀
𝑦 = −𝜔2𝑦

𝜔 is angular frequency of oscillation

– Solution for equation is

𝑦 ∝ sin(𝜔𝑡)
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Harmonic Oscillators

LC Oscillators “Helmholtz” resonator in acoustics
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Classical Wave Equation: Standing Waves

• Force at mass j

– 𝐹𝑗 = 𝑇(𝑠𝑖𝑛𝜃𝑗 − 𝑠𝑖𝑛𝜃𝑗-1)

≅ 𝑇
𝑦𝑗+1−𝑦𝑗

∆𝑧
−

𝑦𝑗−𝑦𝑗−1

∆𝑧

= 𝑇∆𝑧
𝑦𝑗+1−2𝑦𝑗+𝑦𝑗−1

∆𝑧2

= 𝑇∆𝑧
𝜕2𝑦

𝜕𝑧2

– Think 𝑚 = 𝜌∆𝑧

Then, 𝐹 = 𝑚𝑎 = 𝜌∆𝑧
𝜕2𝑦

𝜕𝑡2

– 𝑇∆𝑧
𝜕2𝑦

𝜕𝑧2
= 𝜌∆𝑧

𝜕2𝑦

𝜕𝑡2


𝜕2𝑦

𝜕𝑧2
=

𝜌

𝑇

𝜕2𝑦

𝜕𝑡2


𝜕2𝑦

𝜕𝑧2
−

1

𝑣2
𝜕2𝑦

𝜕𝑡2
= 0, where velocity 𝑣 =

𝑇

𝜌
(Wave equation)

– Solution for wave equation: 𝑓 𝑧 − 𝑐𝑡 or 𝑔(𝑧 + 𝑐𝑡)
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Helmholtz Wave Equation

• Considering oscillation at single angular frequency 𝜔
(Monochromatic wave)

– Solution for wave equation is combination of

: exp 𝑖𝜔𝑡 , exp −𝑖𝜔𝑡 , cos 𝜔𝑡 , sin(𝜔𝑡)

– Solution 𝜙 𝑧, 𝑡 ≡ 𝑍 𝑧 ∙ 𝑇 𝑡 ⟹
𝜕2𝜙

𝜕𝑡2
= −𝜔2𝜙

– Helmholtz wave equation

(Only spatial part remaining from wave equation)

𝑑2𝑍(𝑧)

𝑑𝑧2
+ 𝑘2𝑍 𝑧 = 0,𝑤ℎ𝑒𝑟𝑒 𝑘2 =

𝜔2

𝑐2
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Standing Waves

Standing wave: sum of forward wave and backward wave

𝜙 𝑧, 𝑡 = sin 𝑘𝑧 − 𝜔𝑡 + sin 𝑘𝑧 + 𝜔𝑡

= 2 cos 𝜔𝑡 sin 𝑘𝑧 , 𝑤ℎ𝑒𝑟𝑒 𝑘 =
𝜔

𝑐
=
2𝜋𝐿

𝐿
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Conclusion

• Expression of energy, force in quantum mechanics

• Simple harmonic oscillation

–
𝑑2𝑦

𝑑𝑡2
= −

𝐾

𝑀
𝑦 = −𝜔2𝑦

• Wave equation

–
𝜕2𝑦

𝜕𝑧2
−

1

𝑣2
𝜕2𝑦

𝜕𝑡2
= 0

–
𝑑2𝑍(𝑧)

𝑑𝑧2
+ 𝑘2𝑍 𝑧 = 0,𝑤ℎ𝑒𝑟𝑒 𝑘2 =

𝜔2

𝑐2
(Helmholtz wave equation)


