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prove that is unitary

u) (V)
)= < 1vi) =9,

( ) Z Ui m.:-ZmXﬂ’mll// <¢’ ‘l/»‘): pRVAL
(Z‘? (4. ]\t//j)=

soUU=1

=(v,
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* Hence unitary operator [] is unitary since its Hermitian transpose is its
inverse

* Hence any change in basis can be implemented with a unitary operator

* We can also say that any such change in representation to a new
orthonormal basis is a unitary transform




Unitary operators to change /N Yonsei Control Lab
i NS AN RlojZ el
representations of operators st SIS HIOTS S A7

-~

Al f)

Consider a number such as <g

With unitary U operator to go from “old” to “new” systems

A

we can write (g, [ A, | fion ) :( g m-))T fam- Frew)
= (010) A (01)) = (|0 A0 )
Under the assumption <gmv ﬁw ﬁm>:<gg;d zag;d fo,u>

Then we can derive 4
new




oae front Y 1 Control Lab
Hermitian operators (2) Jpmehsiipenyd

In matrix terms, with

Mn Mlz M13 Ml*l M;l M3*1
A:[: 21 22 M23 then ]LA{" _ Ml*z M;; M;
M31 M32 33 7 M]*S M§3 M;

A Hermitian operator is equal to its own Hermitian adjoint

then
M. =M
y Ji

Hence, the diagonal elements of a Hermitian operator must be real
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* statements
(<(§'|f‘;f|f>)Jr = (<g|ﬁ;{|f>) For arbitrary |f> and |g> Since result is just a value

((l11)) =(¥1.1)) (Cel)'= (7)) ¥1" ()
(f1M'|g)

So ((glM]1))

In integral form

[ (<)M (x)dv =] [ £ (x) Mg (x)ax |

We can rewrite the right hand side using (ab) =a’b’
['8" ()30 (x)ds=[ £ () { g ()]

Hence,

[&" (x) 87 () ) dbx = [{Mg (x)) f (x)dx
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Suppose |y, ) is a normalized eigenvector of the Hermitian operator M with eigenvalue 4,

Then, by the definition

2) = V)

WMy, ) = w, (vav) = 1,
But from the Hermiticity ofM we know

(w,|M|y,)= ((’//n >) = and hence u, must be real

n

therefore

* Orthogonality of eigenfunctions for different eigenvalues
Trivially 0={y,|M|y,)- <l// |A;[|1//n>

By associativity :( v |M)\1// (M w))

Using (4B) = B'4' 0=("]y, )) ) (w (3]s,

Using Hermiticity M = M’ 0=(M|y, ) |¢// ( )

sing il )= ) 0= {umlw) )=l v

u, and u, are real numbers 0=y, (|, )) )

Rearranging 0=(u,-H, )( )

But ,,and 4, are different, so 0=(y, |y, ) i.e., orthogonality .
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el L. f(x=0x) | | f(x+6)-f(x-6x)| | &
265x 26x S| 26x _| #h
_L g b f(x+6x) f(+26)-f(%) | |
26x 26x f(x, +25x) 26x dx|, s

Note this matrix is antisymmetric in reflection about the diagonal and it is not
Hermitian
Indeed somewhat surprisingly d/dx is not Hermitian [ f.fmdz # ([ fifmdz)®
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by a function

We can formally “operate” on the function f (x)
by multiplying it by the function ¥ (x)
to generate another function g(x)=V(x) f(x)
Since V(x) is performing the role of an operator
we can if we represent it as a diagonal matrix
whose diagonal elements are

the values of the function at each of the
different points

If V(x) is real
then its matrix is Hermitian as required for H




