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Unitary operators to change representations of 
vectors

With orthonormal
basis function 

=

𝑑1
𝑑2
𝑑3
⋮

With new orthonormal
basis function 

where

Coordinate 
transform 
matrix



Unitary operators to change 
representations of vectors
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• prove that is unitary 

• Hence unitary operator         is unitary since its Hermitian transpose is its 
inverse

• Hence any change in basis can be implemented with a unitary operator

• We can also say that any such change in representation to a new 
orthonormal basis is a unitary transform



Unitary operators to change 
representations of operators
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Consider a number such as 

Under the assumption

Then we can derive



Hermitian operators
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A Hermitian operator is equal to its own Hermitian adjoint

then

Hence, the diagonal elements of a Hermitian operator must be real



Hermitian operators
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• statements

For arbitrary          and Since result is just a value

In integral form

Hence,



Reality of eigenvalues
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Then, by the definition

therefore

• Orthogonality of eigenfunctions for different eigenvalues



Matrix form of derivative operators
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Note this matrix is antisymmetric in reflection about the diagonal and it is not 
Hermitian
Indeed somewhat surprisingly d/dx is not Hermitian



Matrix corresponding to multiplying 
by a function
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