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Lecture 2: Electro-Magnetic Waves

Maxwell's Equations

V-sz
vxE=_98 De ek
ot _ _
V-B=0 B=uH
_ James Clerk Maxwell
Vxﬁzj—i—aa—D (1831-1879)
t

(Published in 1861,1862)
L . Charge Density (C/m3)

- ic Fi V/m —
E: Electric Field (V/m) J : Current Density (A/m?)

D: Electric Displacement, Electric Flux (C/m?)

_ . Permittivity (F/m)
H : Magnetic Field (A/m)

_ H-  Permeability (H/m)
B: Magnetic Flux (T =V-s/m2)
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Lecture 2: Electro-Magnetic Waves

V-D= Jo, =» Equations governing electro-magnetics
VXE:_a_B E.D,H,B.,J : )fo(x,y,z,t)+)7fy(x,y,z,t)+2fz(x,y,z,t)
ot
V.-B=0 0, &1 f(X,0,2)
— - 8D
VxH =J+=> v Simplification
B:gE 1) source free medium = p =0, J=0
B=uH 2) uniform medium > &, u # f(x,y,2)
— 0B 0 = 0 —=
Vx|VxE)= Vx| — |= —(VxB) =—u—(VxH
(V<E) (@,] S(VxB) =~ (VD)
D gazi
“or P
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Lecture 2: Electro-Magnetic Waves

O°E
ot*

vx(wf):v(y%)—vzi

V:E= XV’E +yV’E +ZV’E,

Vx(VXE)=—pe E =%E,(x,y,2)+ VE, (%, ,2) + ZE.(x, y,2)

(Laplacian) , , ,
sz(xyz)z af(xayaz)_'_af(xayaz)_i_af(xayaz)
27 2 2 2
Ox oy 0z

FromV-B:p, V-gfzp 5V-E:p V-E=0

— ’E —  *H
[ V’E = ue aaf ] (VZH = Uus > ) = EM Wave Equation
4
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Lecture 2: Electro-Magnetic Waves

. 2

E
V2 E(x,y,z,t) = ygaaT(x,y,z,t)

An example of wave equation solutions: E = xE, cos[a)(t—\/ ,ugz)]

Verification: . _ d’
VE==> V’E_= FEO cos[a)(t —w/,ugz)]

4

=—w’ uck, cos [a)(t — \/EZ)]

O°E 0
Ue % ==> ,ug?EO cos[a)(t—\/,ugz)]

= -’ ucE, cos [a)(t - \/EZ)]
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Lecture 2: Electro-Magnetic Waves

E = xE, cos [a)(t _. /Iugz):| How does this look?

At a given t,

BN

E-field on any x-y plane is uniform

= Plane wave
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Lecture 2: Electro-Magnetic Waves

E =xE, cos[a)(t _y ,ugz)] How does this look?

For the constant phase

A[a)(t — \/Ez)} =0

At two different t's

1 (At —[ueAz) =0
Az
><A AT
y

Phase velocity
of EM wave

Moving toward +z direction
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E= ;EO CoS [a)(t — \/Ez)]
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Lecture 2: Electro-Magnetic Waves

O0*E
ot*

Solve the wave equation mathematically V2 E = ¢

wt

Assume time dependence of ¢’ (Time harmonic solutions)

E(x,y,z,t) =E(x,y, z) . e’ (Separation of variables)
sz(x,y,z) e’ 4 ,uga)zf(x,y, z)-e’ =0
V2 E(x,y,2)+ ue@’ E(x,p,2) =0 Letoyus =k

sz(x, V,z)+ sz(x, y,z)=0 Time-Independent EM Wave equation

k =\ ue = 2rf _2z k : wave number[m‘l} Ew =2rf ZTJ
c

A :
spacial frequency
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Lecture 2: Electro-Magnetic Waves

VE(x,y,2)+ kK E(x,v,2)=0

Assume E(x,y,z) = xE (z) for simplicity

L)k E(z)=0

dz

Solutions?
E(Z) = Ege_jkz 4+ Eo—ejkz
E(Z,l‘) = (E(;fe—jkz _|_Eo—ejk2)eja)t _ Ea-ej(a)t—kz) +E0—ej(a)t+kz)
How does this look? = Take the real part for visualization
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Lecture 2: Electro-Magnetic Waves

Re {EO+ e\ ) 4 E e (wt+2) } = E, cos(wt —kz)+ E, cos(wt + kz)

How does cos(wt-kz) change as tincreases? =2 Propagation in + z direcition

How does cos(wt+kz) change as tincreases? =» Propagation in - zdirecition

Phase velocity? A[a)t + kz)] =0 —=z
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Lecture 2: Electro-Magnetic Waves

E =xE, e ™/ = Corresponding H-field?

24 — VxE
FromVsz—a—B, VxE:—,ua—H Hz—j ~Z at
ot ot M
x y z
VXE = o 0 O | =y(-jk)Ee e
Ox oy Oz
Ee e’ 0 0

[—_[:J_;iEoe—jkzeja)t :)—/ iEoe_jkzejwt

H-field has the same wave characteristics (frequency, wave number,
propagation direction) but different vector direction and magnitude
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Lecture 2: Electro-Magnetic Waves

E = ;Eoe_jkzeja’t H = y iEOe_jkzejwt
\/ Y7

E

E: \/g =7 (Impedance, about 120r or 337 Q in vacuum)

For plane EM waves,

E-field direction, H-field direction, and propagation direction are orthogonal

ﬁ:%(ajxﬁ) E=—n(a <H)

P=FExH Poynting vector: Propagation of power density

For time-harmonic EM waves, exp(jot) is often omitted for simplicity

E=xEe’™  H=yHe™
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Lecture 2: Electro-Magnetic Waves

Wave propagating in any direction: Use vector k

X

—jkxx _jkyy . —ijZ _j(kxx+kyy+kzz)

K e € e =€

/ . =
/ K=k + vk, + 7k

y R=xx+yy+zz

k : wave vector
/| - Direction of propagation

. 22
A

Si Photonics (2022/2)




Lecture 2: Electro-Magnetic Waves

Homework
(Due at Sept. 6 11am. Hand in your homework in PDF through LearnUs.
No late hand-ins accepted)

For the plane wave whose E-field is given as E = JE ¢/ ¢/
is propagating in a medium having e=4€, and p=| .

(a) Which direction does this wave propagate? Give your answer with a unit vector.
(b) What is the frequency in Hz of this wave?

(c) What is the expression for the corresponding H-field?
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