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Analysis of Chromatic Dispersion-Induced
Second-Harmonic Distortions Including

Laser Dynamics to the Second Order
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Abstract—We perform analysis of chromatic dispersion-
induced second-harmonic distortions including laser diode dy-
namics. Investigating laser diode dynamics fully to the second
order, we derive analytical expressions for intensity and frequency
modulation indices. Using these, we accurately model chromatic
dispersion-induced second-harmonic distortions for signals
produced by a directly modulated distributed feedback laser.
The results agree well with numerical solutions, as well as with
experimental results for a wide range of modulation frequencies
and fiber lengths.

Index Terms—Chromatic dispersion, laser diode dynamics,
second-harmonic distortion, semiconductor laser diode.

I. INTRODUCTION

T HERE is a strong need for analog optical communication
systems [1]–[3]. The CATV and radio-on-fiber system are

examples in which high frequency carriers and subcarrier mul-
tiplexed data are simultaneously transmitted over the fiber. In
these systems, one of the key elements that determine the total
system performance is optical source linearity. Direct modula-
tion of semiconductor laser diodes is the simplest and most eco-
nomical solution, but linearity of the laser diode is often not
sufficient for many applications. Consequently, it is of signif-
icant importance to understand the causes for nonlinearity in
laser diodes and consequent performance degradation in analog
optical links.

When laser diodes are directly modulated, there are several
causes for nonlinearity. In subcarrier multiplexed systems,
which usually have many channels in the range of a few
hundred megahertz, static nonlinear resistance–capacitance
(L–I) characteristics and clipping can be the main causes for
distortion [4]. Laser diode chirp also causes signal distortions
when modulated optical signals are transmitted through the dis-
persive medium [5], [6]. In addition, laser diodes have intrinsic
dynamic nonlinearity, which by itself and with the combination
of fiber dispersion causes distortions [7], [8]. The nonlinearity
that we are interested in is this dynamic nonlinearity.

In order to understand the influence of dynamic nonlinearity
of a laser diode, the E-field of laser diode output, when the laser
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diode is directly modulated by the sinusoidal current with an-
gular frequency , can be modeled as [9]

(1)

The above model includes all the possible harmonic terms in
magnitude and phase, each of which has intensity modulation
(IM) index , and frequency modulation (FM) index .
The higher order harmonic terms are produced by the dynamic
nonlinearity of the laser diode. Since each harmonic term does
not necessarily have the same phase value, and are
used to represent their values.

For the simplest possible analysis, the influence of all the
higher order harmonics can be ignored [5], [6] and the E-field
can be simply modeled as

(2)

In the above model, the effect of laser chirp is included by
. Using this field model, Meslener [5] analytically

showed that the combination of the first-order FM, or laser
chirp, combined with the fiber dispersion causes harmonic
distortions when signals are photodetected after transmission in
the fiber. But, as will be shown in this paper, this approach has
insufficient accuracy because the directly modulated laser diode
dynamics provide another source of nonlinearity, in addition to
the distortion induced by chirp and chromatic dispersion.

For a more accurate model, Kuo [7] and Lin [8] included
the second-order IM effect and achieved better accuracy in pre-
dicting the second-harmonic distortions for CATV applications.
This model can be represented as

(3)

We find that this model is not sufficiently accurate when the
modulation frequency increases. For better accuracy, we include
the second-order FM effect. In addition, we specifically con-
sider the phase difference between each IM and FM harmonic
term, or and , which have been ne-
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glected in previous studies. With this, the E-field model used in
our investigation becomes

(4)

For our analysis, we first derive analytical expressions for all
the parameters appearing in the above model using the perturba-
tion approach based on the rate equations. In addition, we con-
sider the influence of fiber dispersion on the second-harmonic
distortions when signals are detected after traveling over the
fiber. To confirm the accuracy of the analytical procedure, we
perform full numerical analyses of the laser rate equations, as
well as experimental verification in a wide range of modulation
frequencies and transmission distances.

This paper is organized as following. In Section II, the non-
linear dynamics of laser diode is analyzed and modulation index
parameters are determined. In Section III, dispersion-induced
second-harmonic distortions are derived and these are compared
with the results obtained from full numerical solutions. In Sec-
tion IV, comparisons are made with the results of experimental
verification. Then, in Section V, the paper is concluded.

II. NONLINEAR DYNAMICS OF LASER DIODE

The first task is determining analytical expressions for modu-
lation indices and phase terms in the E-field model given by (4).
For this, we used the perturbation approach based on laser rate
equations [10], [11]. The rate equations used in our analysis are
modified rate equations given as [12]

(5)

where is the output optical power, X(t) is the normalized
carrier density, and is the phase of optical field. and are
combinationsofseveralparameters: where is the
confinement factor, is gain slope, is the electron charge, is
the volume of the active region, and , where is
the wavelength, is the Plank constant,is the speed of light, and

is the quantum efficiency. In addition, is the threshold cur-
rent, is the spontaneous emission current,is the photon life-
time, is the carrier lifetime, and , where is the gain
compression factor and is the linewidth-enhancement factor.
This particular set of rate equations is used in our investigation
since it is most suitable for experimentally extracting numerical
values for the rate equation parameters, thus making it possible to
compare analytical and experimental results. Rate equation pa-
rameters were extracted following the procedure given in [12]
for a commercially available butterfly-type packaged DFB laser,
and the results are summarized in Table I.

For the nonlinear distortion analysis, we used the standard
perturbation method in which a sinusoidal input current of small
magnitude with modulation frequencyis assumed, or

TABLE I
EXTRACTED VALUES FOR FORLASER- DIODE PARAMETERS

. Then, the resulting responses
for the optical power, normalized carrier density, and lasing fre-
quency shift can be expressed as follows:

(6)

Inserting the above equations into the rate equations, we can de-
rive relationships for the first-order terms as in (7) and second-
order terms in (9). In these equations, each coefficient is func-
tion of lower order terms and as shown in (8), (10), and (11)

(7)

(8)
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and

(9)

(10)

(11)

From the above equations, we can find the fundamental
frequency components and second-harmonic distortion com-
ponents as follows:

(12)

(13)

Consequently, if is known, expressions for all the param-
eters of interest can be found from the above equations. In ad-
dition, IM and FM indices and their phases can be defined as
follows:

Re

Re

Re

Re
(14)

where Re{} and Im{} are used for expressing real and imaginary
parts.

Fig. 1(a) shows the calculated first- and second-order IM in-
dices, and , Fig. 1(b) the FM indices, and

, and Fig. 1(c) the values of phase terms in reference to
. For the calculation, extracted values for the laser param-

eters given in Table I are used. The current modulation index
is set to 0.1 and the bias current at . At this bias cur-

rent, the relaxation resonance frequency is about 7.5 GHz. As

(a)

(b)

(c)

Fig. 1. Calculated modulation indices and phases. (a) IM index:m and
m . (b) FM index:m andm . (c) Phase values in reference to' .

can be seen, first-order IM and FM indices are enhanced at the
resonance frequency. Because the first-order FM index is de-
fined as , it becomes larger as the modulation frequency
decreases. It is also observed that second-order intensity modu-
lation indices and are enhanced in the range cov-
ering half the resonance frequency to the resonance frequency.
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III. I NFLUENCE OFFIBER DISPERSION ONDISTORTIONS

The electric field of the laser output given in (4) can be ex-
panded using Fourier series for intensity modulation compo-
nents and frequency modulation components as follows:

(15)

(16)

By collecting same frequency components, (15) becomes

where

(17)

When such an electric field is propagated through fiber with
the dispersion modeled as accrued quadratic phase, different
harmonic components acquire different phase changes,
where due to fiber dispersion [5].

At the receiver side, detected photocurrents are obtained
by squaring the electric field magnitude. By expressing
the phase of each harmonic field component as

Re , the photocurrent becomes

(18)

After multiplying and gathering the same frequency compo-
nents, the average detected current, the fundamental component,

and the second-harmonic distortion become (19), (20), and (21),
respectively

(19)

(20)

(21)

Fig. 2 shows the resulting fundamental component, F1(, L)
and the second-harmonic distortion, F2(, L) at various mod-
ulation frequencies and transmission distances. In the figure,
solid lines represent the results obtained by using (20) and (21).
In calculating these results, input current modulation index of
0.1 is used at the bias condition of . For comparison, re-
sults obtained from previously reported models are shown in
dashed [5], [6] and dashed-dotted lines [7], [8]. Dashed lines
show the results when all the higher order effects are ignored
or using the E-field model given in (2). Dashed-dotted lines
show the results when distortions in frequency modulation are
neglected, corresponding to the case of using the E-field given
in (3). In addition, the results obtained from the full numerical
solution of the rate equations are also shown for comparison.
The Runge–Kutta method is used for numerically solving the
rate equations using the parameter values given in Table I. The
E-fields after traveling dispersive fiber are calculated by trans-
forming the time-domain signal into the frequency domain, mul-
tiplying the fiber transfer function, and then transforming back
to the time domain [8]. The photon-detected currents are ob-
tained by squaring the magnitude of the resulting E-field. By
calculating the power spectrum of the currents, the fundamental
signal and the second-harmonic distortions are obtained. In the
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(a)

(b)

(c)

Fig. 2. Second-harmonic distortions obtained from exact numerical solutions
(dots) and analyzes (lines) based on various models. (a) Fundamental signals
and second-harmonic distortions at various fiber lengths for 2-GHz modulation.
(b) Fundamental signals and second-harmonic distortions at various fiber
lengths for 4-GHz modulation. (c) Fundamental signals and second-harmonic
distortions at 40-km fiber for various modulation frequencies.

process, the fast Fourier transform (FFT) algorithm with a time
step of seconds and sampling points is used. With
this, the numerical solution is expected to provide exact results
for the given parameters.

Fig. 3. Experimental setup.

As shown in Fig. 2(a) and (b), the E-field model of (2) does
not provide reasonable answers for very short distances. This
is because (2) ignores the intrinsic dynamic nonlinearity of the
laser diode which is the main source of distortion at short dis-
tance, whereas the chirp-induced distortion in the wake of chro-
matic dispersion is negligible. Although E-field model of (3)
shows good agreement in short distances, it shows disagree-
ment as transmission length increases. As can be observed in
Fig. 2(c), the accuracy of (2) and (3) is sufficiently good for
very low or very high modulation frequency. At the low modu-
lation frequency, the dynamic nonlinear effects are small and the
first-order FM alone can explain the dispersion-induced second-
harmonic distortions. At the high modulation frequency around
the resonance frequency, the first-order FM becomes dominant
again as can be seen from the enhanced in Fig. 1. Con-
sequently, our model with consideration for the second-order
frequency modulation effect provides enhanced accuracy for
the frequency range around half the resonance frequency of the
laser diode. It is interesting to note that there is a point where
the second-harmonic distortion is greatly reduced, for example,
fiber length of about 12 km in Fig. 2(b). This is due to the com-
pensation among distortions due to different causes. The accu-
rate prediction for this point is possible only with our model.

IV. EXPERIMENTAL VERIFICATION

In the above analysis, is used as a reference but it is
not practical to experimentally measure the actual currents that
are injected into the laser because of the various packaging and
parasitic effects. Instead, we measured under the given
modulation condition and use this as a reference. For the experi-
ment, we used a commercial butterfly packaged DFB LD biased
at and input current modulation index was set to 0.1. This
is thesame laserused forparameterexatraction.Wemeasured the
first-order IM response and from that, calculated using
(7).Second-order responses, and ,are determined from
(9). Following above procedure, we can determine each modula-
tion index and phase from (14). Then, we calculate second-har-
monic distortion after fiber transmission, F2, from (21) and this
is compared with experimentally measured second-order distor-
tions at the given fiber length. The same procedure is repeated
for several fiber length and modulation frequencies.
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(a)

(b)

(c)

Fig. 4. Second-harmonic distortions from measurement (dots) and analyses
(line) based on various models. (a) Fundamental signals and second-harmonic
distortions at various fiber lengths for 2-GHz modulation. (b) Fundamental
signals and second-harmonic distortions at various fiber lengths for 4-GHz
modulation. (c) Fundamental signals and second-harmonic distortions at 40-km
fiber for various modulation frequencies.

Fig. 3 shows the experimental setup for measuring the signal
and the second-harmonic distortions at varying transmission
distances. The back reflection effect is negligible because
the DFB LD has a built-in isolator. In order to make sure

that the measured second-harmonic distortion is due to the
laser, we measured the second-harmonic nonlinearity of the
modulation source, and the second-order nonlinearity of
the photodetector using two optical sources modulated with
different RF frequencies [13]. We confirmed they are below

70 dBc, not significant enough to influence our measurement.
While compensating fiber loss with EDFA and attenuator, we
measured second-harmonic distortions in the received signal
by an RF spectrum analyzer.

In Fig. 4(a)–(b), results are shown that are obtained at a
fixed modulation frequency of 2 and 4 GHz with varying
fiber lengths. In Fig. 4(c), the results are shown for varying
modulation frequencies at the fixed link length of 40 km.
In the figures, dots represent measured fundamental signals
and second-harmonic distortions. Calculated results with our
analytical model are shown in solid lines. Good agreements
with the measured results can be seen for the entire frequency
ranges and transmission distances. The fluctuation in measured
data in Fig. 4(c) is due to the fluctuating frequency response
of the packaged DFB LD. This should not interfere with the
comparison between measurement and calculation based on
our model, since the calculation has taken account of the power
fluctuation. For comparison, calculated results with previously
reported models are also shown in dashed [5], [6] and dashed-
dotted lines [7], [8], respectively. From this, we find that our
model is more accurate in modeling the second-harmonic
distortions in the entire frequency range and transmission
distances.

V. CONCLUSIONS

We analyzed the second-harmonic distortions of the directly
modulated laser diode that can be used in analog optical links.
For the accurate model, intrinsic dynamics of laser diodes are
considered to the second order, including the second-harmonic
IM and FM indices and relative phase terms. With this, better
accuracy is achieved in modeling the second-harmonic distor-
tions for signals produced by directly modulated laser diodes
and transmitted over the fiber. We confirmed the results agree
well in a wide range of frequencies and transmission distances
with numerically solved exact solutions as well as experimental
results. We believe the results of our investigation will be useful
for realizing simple analog optical links that are based on the
directly modulated laser diodes.
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